In this paper an Le-stability condition is derived for a feedback system consisting of a nonlinear element f and a linear element g which involves the delta functional and its derivatives. An attempt is made to calculate the autocorrelation function of the output process when the input of the system is assumed to be a second order stationary stochastic process. Moreover, it is shown that the autocorrelation function of the output process is bounded when the input is an ergodic stationary stochastic process.
INTRODUCTION
Consider the feedback system illustrated in Fig. 1 , w h e r e f is a memoryless nonlinear element and g is a convolution operator on integrable functions with bounded supports, defined by a function in L~0,~o). In recent years L2-stability conditions for such a system have been derived in terms of the frequency response G(iA) of g. In this paper we shall show that a similar result on L~-stability holds when g involves, in addition, the delta functional and its derivatives.
systems (e.g., Freedman, 1968; Zames and Falb, 1968) , still it seems to me that no paper has dealt with the case in which the input is assumed to be a weakly stationary stochastic process, except a paper by Holtzman (1968) .
In Section 2 we take up the problem in terms of the distribution theory. In Section 3 we give a lemma on the inversion of convolution operators using the distributional Fourier and Laplace transformations. In Section 4 we shall give the existence and uniqueness of the solution of the equation concerning the system, applying the results of Section 3. In Section 5 we consider the case in which the input is supposed to be a weakly stationary stochastic process. Moreover, we shall show that the autocorrelation function of the output is bounded if we assume the ergodicity of the input. Finally, we make some concluding remarks in Section 6.
STATEMENT OF THE PROBLEM
The purpose of this section is to give the conditions satisfied by f and g, and to describe the feedback equations.
We first define some classes of functions and distributions. A real-valued continuous function f(') is said to be of class dV'(~, fi) if,
(ii) there are two real numbers ~, fl such that
for all ~, % with al =# % • Let L~oe~ m , wherep = 1, 2, be the class of Lebesgue measurable functions x(t) which vanish for negative arguments satisfying fo r ] x(t)l~ art < oo, for any finite T.
Let L~' m , where p = 1, 2, be the class of Lebesgue measurable functions x(t) which vanish for negative arguments satisfying fo I x(t)[ ~ dt < oo.
A real-valued distribution g is said to be of class J'n' if it has the following form.
g(t) = i a~8{k-ll(t) + gl(t) ,
(1 ~< n < oo), k=l where aee R l, a~ =# 0, gl(t) eL}R ) and 8C~-l)(t) is the (k --1)-th derivatives of the delta functional. Moreover, g is said to be of class ~oo' if n = 1 and a s = 0, that is g(t) = gl(t).
Let ~ denote the space of testing functions and ~' as its dual space. Furthermore, let ~'(R) denote the space of distributions whose supports contained in the nonnegative real axis.
Let f, g denote the convolution of distributions f and g. Let (r be a real-valued regular distribution in D'(m. (r is called an error of a nonlinear feedback system shown in Fig. 1 , if and only if (r satisfies the following relation.
for any ~ ~ ~ and some l ~ ~'(R) • Note that the assumption cr ~ ~'(~) implies f((r) ~ ~'(R) and heneeg, f(a) is well defined as a distribution.
INVERSION OF CONVOLUTION OPERATORS
In this section we shall show that Eq. (1) can be transformed into a more convenient form. For this purpose, we need two basic lemmas. The first lemma will be stated without proof. 
If a distribution k(t) belongs to ~'(R) and if e-"th(t) ~ 50' for (r > #, then the Laplace transform of h(t) is given by K(s) ~-~qk = o~{e-°tk(t)}, where
> ~' and s = ~ -k iA. K(s) is an analytic function in its region of convergence Re s > or'. Now we prove the following.
LEMMA 2. Let g be in 3"-~" and suppose there exists a nonzero number c such that
Then we classify two cases.
(a) n/>2.
In this case there exists a function h ~ L~R ) such that
(B) n=lorn=0. (-re,m) (Titchmarsh, 1948, pp. 125, 128) (i) /~(ia) = 1.i.m.o_,0+ H(a q-ia).
In this case there exists a function h eL{m and a number d =/: 0 such that
(a -kcg) • (d8 q-h) = 3.
Proof of (A). From (2), we see that H(s) = (1 q-cG(s)) -1 exists, which is analytic in
(ii) The inverse Fourier transform h(t) of/4(ih) is in L~R ) .
Now, since there exists a function h(t) inL~_m.~) such that h(t) -= ~-lH(iA) and since H(e + ia) is continuous in e ~> 0, we see that, H(ih) = H(fi), a.e.k. Thus, we have h(t) = h(t), a.e., and therefore h(t) belongs to L~R ) .
Proof of (B). In order to obtain (B) it is sufficient to show that, if 
we can apply the result of Paley and Wiener (1934, p. 61) to show the existence of h(t) in L~e).
We may restate the results of Lemma 2 by saying that an inverse convolution operator of (8 + cg) exists and unique in ~'~R) and has one of the two forms shown in Lemma 2. We shall write this inverse by (3 + cg) -1 and write its Fourier transform by (1 + cG(iA)) -1.
As a consequence of Lemma 2 we may state the following corollary.
Suppose there exists a nonzero number c such that I 1 + cG(s)l > O, in Re s >/O. Then if n >/2, there exists a nonzero number d and a function h in Lye )
(8 + cg) -1 • g = & + i~; if n = 1,
there exists a nonzero number d and a function h in L~e ) (8 + cg) -1 • g :-d8 + h; and (iii) if n = O, there exists a function h in L~) such that (~ + eg)-I , g = h.
Proof. Ifn ~ 2, we rewrite G(iA)(1 + cG(iA)) -1 in the following form and apply Lemma 2(A).
If n = 1, we may assume 1 + ale ~ 0, without any loss of generality. From Lemma 2(B), there exists a function h ~L~R ) such that
If n = 0, the corollary clearly holds from Lemma 2(B).
EXISTENCE AND UNIQUENESS
We are now ready to transform (1) to a convenient form and give a proof on the existence and uniqueness of ~. We assume that f and g satisfy the conditions of Lemma 1 and Lemma 2, respectively. 
2 where g(
It is easy to see that if any regular distribution a in ~in) satisfies (4), then this a satisfies (3) and also (1).
Next we give a useful lemma for the later analysis. 
Then, for any T < o% T T fo Jr. x(t),a dt <~ lZ' fo [ x(t),~ dt.
Proof. For an arbitrary fixed T, define ~(t) by
~(t) = t x(t)' o <~ t <~ T,
t0, otherwise. This completes the proof of Lemma 3. Now we give the following theorem.
THEOREM 1. Let f ~ JV'(a,/3), l ~Lloc(R) and g ~ 3-~'. Suppose there exists a nonzero number c such that
,-~<a<* l+cG(iA)
<1, k = max{I /3 --c ], l c --~ ]}.

2
Then there exists a unique solution ~ of (1) which belongs to Lloc(R).
Proof. Let T be a fixed finite number. Define q~0(t) and O,(t) by q~o(t) = l(t) --~ * f (/)(t), t ~ (0, T); (5) ¢~(t) : i(t) --~, ] (~b~_l)(t),
n >~ 1, t e (0, r). 2 
It is easy to check that for any n >/0, q)~(t) belongs to L(O.T ~ . From (ii) and Lemma 3, it is easy to show that (5) is a contraction mapping in L(O.T ) .
Thus, there exists a function in L~0 T) which satisfies (4) and unique in L ~-, (O,T) (Kolmogorov and Fomin, 1970 , p. 66).
Now, suppose that there are two inputs i1(t ) eL~oe(R) and i2(0 ~Lloc(R)
such that for any fixed T < ~, i1(t ) = i2(t), t e (0, T);
i1(t ) ~ 12(t), t e (T, T + A), A > O.
Let % and % be the solution of (4) with respect to 11, i~. Since ~ ~ ~{R) and the solution of (4) is unique, we have
a.e., t, t ~ (0, T).
This completes the proof of Theorem 1. Since G(iA) is a continuous function of ~, there are more than one c which satisfy the conditions of Theorem 1 for some fixed g. In order to fix the constant c, Lemma 4 gives a good criterion. Proof. See, for example, Holtzman (1970, p. 49) .
From now on we fix the constants c, k, respectively, by c = (a q-/3)/2 and k = (/3 --~,)/2.
We next state a theorem on the weak boundedness of the solution a. This theorem also gives a basis to calculate the time average of l ~ ] 2. 
THEOREM 2. Let f ~ ~4z(a,/3) and let l(t) ~Lio e2 (R) . Suppose g e 3"~' satisfies the conditions of Theorem 1 for c --(~ +/3)/2. Then the solution a of (4) satisfies the following inequality for any T < oo.
Remark 1. If l(t)EL~o.~), then a(t)~L~0,~ ) from Theorem 2. In this
case the system is called L~-stable (Freedman, 1968) .
Remark 2. If n ~> 2, then condition (ii) of Theorem 2 implies I a-t-]~ ] > tfi--at ora > 0.
STATIONARY PROCESSES AND NONLINEAR FEEDBACK SYSTEMS
In this section we consider the case where l(t) is supposed to be a stationary stochastic process. Let Y2 be the probability space with the generic element to, a a-field ~: of subsets of 1"2, and a probability measure P defined on ~-.
Let X(t) ~-X(t, ~o), --oo < t < a3, be a real-valued weakly stationary stochastic process with
E{X(t)} = fa X(t, ~o)dP(oJ) = O, --¢o < t < oo; E [ X(t)l ~ < oo, --oo < t < oo,
and has the continuous covariance function
~0 ~ ~ p(T) = 2 cos A~ dF(A) ~-e ~a" dF(1),
where F() 0 is the spectral distribution function.
Since p(~-) is continuous, X(t, w) is continuous in probability. Hence, there exists a random variable Xl(t , co) such that (ii) P{w; Xl(t , w) = X(t, co)} = 1, for each t. Next, we shall show that the autocorrelation function of the output of the system is bounded.
If x =-g * f(cr) is a regular distribution in ~IR) and satisfies the following relation (7), then x is called an output of the system. <x, ¢> = <g .f(a), ¢> = <l, 6} --<a, ¢>,
where a ~ ~R), I e ~R) and ¢ ~ ~. We assume that f and g satisfy the conditions of Theorem 2. In order to show the existence of an output x, we follow the procedure of Section 4. (8) is equivalent to the following quantity (9).
Using the results of Lemma 3 and Theorem 2, we see that We have derived L~-stability conditions for a class of feedback systems whose linear part involves the delta functional and its derivatives. The key point of the proof was to transform (1) into (3) by inverting the convolution operator.
The main result here is Theorem 3 which shows that the autocorrelation function of the output becomes bounded, when the input is an ergodic stationary stochastic process.
A natural extension of the problem we have considered here might be the following: is it possible to minimize limsup(l/T) f~ [ x(t, w)] ~ dt in some sense ? This problem will be handled in a forthcoming paper. 
